SOME PROPERTIES OF GENERALIZED LOCAL 
COHOMOLOGY MODULES WITH RESPECT TO A 
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Abstract. We introduce a notion of generalized local cohomol- 
ogy modules with respect to a pair of ideals (7, J) which is a gen- 
eralization of the concept of local cohomology modules with re- 
spect to (I, J). We show that generalized local cohomology modules 
H} j(M,N) can be computed by the Cech cohomology modules. 
We also study the artinianness of generalized local cohomology 
modules Hj J (M, N). 
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1. Introduction 

Throughout this paper, R is a noetherian commutative (non-zero 
identity) ring. In [10], Takahashi, Yoshino and Yoshizawa introduced 
the local cohomology modules with respect to a pair of ideals (J, J). For 
an i?-module M, the (J, J)-torsion submodule of M is Tj t j(M) = {i£ 
M\I n x C Jx for some positive integer n}. Tj j is a covariant functor 
from the category of .R-modules to itself. The z-th local cohomology 
functor H\ j with respect to (I, J) is defined to be the i-th right derived 
functor of T^j. When J = 0, the H] j coincides with the usual local 
cohomology functor H}. 

For two R— modules M and N, we define T ItJ (M, N) to be the (I, J)- 
torsion submodule of Hohir(M, N). For each R— module M, there is 
a covariant functor Tj j(M, — ) from the category of -R-modules to it- 
self. The i-th generalized local cohomology functor H) j(M, — ) with 
the respect to pair of ideals (I, J) is the i-th right derived functor of 
Tj j(M, —). This definition is really a generalization of the local coho- 
mology functors H) j with respect to (I, J). 
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The organization of the paper is as follows. In the next section, 
we study some elementary properties of generalized local cohomology 
modules with respect to a pair of ideals {I, J)- We also show that 
generalized local cohomology modules H] j(M, N) can be computed 
by Cech cohomology modules (Theorem |2.8j) . 

The last section is devoted to study the artinianness of local coho- 
mology modules H}j(M,N). In Theorem 13.11 we prove that if M, N 
are two finitely generated R- modules with p = pd(M) and d = dim(A r ), 
then H^/iM, N) = Ext r R (M, Hf j(N)) and #0 d (M, N) is an artinian 
R— module. Theorem 13.21 shows that if M is a finitely generated R- 
modules and H\ j(N) is artinian for all i < t, then H\ j(M, N) is 
artinian for all i < t. On the other hand, Ext l R (R/a, N) is also artinian 
for all i < t and for all a G W(I, J). Let /, J be two ideals of the 
local ring (R, m) such that yl + J = m and M, N are two finitely 
generated i?-modules with dim(iV) < oo. If H\ j(M, N) is an artinian 
.R-module for all % > t, then H\ 3 (M , N) / J H\ j(M , N) is also an ar- 
tinian R- module (Theorem I3.4p . This section is closed by Theorem 13.71 
which says that H) j(M, N) is artinian for all z > provided M is a 
finitely generated -R-module and TV is an artinian i?-module. 

2. Some basic properties of generalized local 
cohomology modules with respect to a pair of ideals 

Let /, J be two ideals of R. For an .R-module M, the (/, J)-torsion 
submodule of M is 

Tj j(M) = {x E M\I n x C Jx for some positive integer n}([TU]). 

We introduce the following definition. 

Definition 2.1. For two R— modules M, N we denote by T I:J (M, N) 
the following module 

r 7>J (M, iV) = r^Hom^M, AO). 

In the special case M = R, Vj t j(R,N) = Tjj^N) the (/, J)-torsion 
submodule of N. Note that an element / G Tj j(M, N) if and only if 
there is an integer n > such that I n f(x) C Jf(x) for all x G M. 

For each .R-module M, Ti y j(M, — ) is a left exact covariant functor 
from the category of i?-modules to itself. 

Let us denote by H\ j(M, — ) the i-th right derived functor of Fi t j(M, — ) 
and call the i-th generalized local cohomology functor with the respect 
to pair of ideals (/, J). 
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Theorem 2.2. Let M be a finitely generated R-module and N an 
R— module. Then 

T Ii j(M, N) = Hom fl (M,IV(iV)). 

Proof. If / G Tj t j(M,N), there exists an integer n > such that 
I n f{x) C Jf(x) for all a; G M. Since /(x) G iV, we get f(x) G I^W) 
for all x G M and then / G Hom i? (M, F ItJ (N)). 

Let / G Hom R (M, T I;J (N)). Assume that x±, x 2 , ■ ■ ■ , x m are genera- 
tors of M. 

Since f(xi) G T I;J (N), there exist an integer such that I ni f(xi) C 
Jf(xi) for z = 1, 2, . . . , m. 

Set n = riin2 ■ ■ ■ n m , then I n f(xi) C J f{xi) for all i = 1, 2, . . . , m. 

It follows I n f(x) C J/(ar) for all x G M. So J n / C J/ and then 
/ G r /iJ (Hom i? (M, iV)) = r 7iJ (M, iV). □ 

Note that in [TT] Zamani introduced an other definition of local co- 
homology functors H\ j as follow 

HIj{M,N) = i? i (Hom R (M, T I>J (E'))) 

for all i > 0, where is an injective resolution of i?-module N. Thus 
from 12.21 we see that our definition is coincident with Zamani's one. 
We have a property of the set of associated primes of Fi t j(M, N). 

Corollary 2.3. Let M be a finitely generated R-module and N an 
R— module. Then 

Ass(r /iJ (M, iV)) = Supp(M) n Ass(iV) n W{I, J). 

Proof. Since M is a finitely generated -R-module, Ass(Hom#(M, K)) = 
Supp(M) D Ass(K) for all /^-modules K. ByE^l we have 

Ass(IV(M,iV)) = Ass(r /iJ (Hom iJ (M,iV))) 
= Ass(Hom K (M,r 7iJ (iV))) 

= Supp(M) n Ass(r/,j(iV)) 

= Supp(M) n Ass(A) n W(I, J) 

as required. □ 

The following proposition is an extension of [TUl 1.4]. 

Proposition 2.4. Let M be a finitely generated R-module and N an 
R— module. Let 1,1 , J, J be ideals of R. Then 

(i) T ItJ (T ftf (M,N)) = T ftf (T I , J (M,N)). 

(ii) IfIC I', then Tj,j(M,N) D T r>J (M,N). 
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(iii) IfJQJ', then Ti j(M, N) C T Ijr (M,N). 

(iv) r I>J (r I , J (M,N)) = r I+I , J (M,N). 

(v) I^r, /(M,iV)) = r r ,jj,(M,N) = T ItJnf (M,N). Moreover, 
HIjj,(M, N) = Hl JnJ ,(M, N) for all i. 

(vi) Iff C J, i/ten j(Af, JV) = r />l7 (M,iV). Moreover, 

r /+JiJ (M,iV) = rUM,N) andH} +JiJ (M,N) = H} tJ (M,N) 
for all i. 

(vii) If VI = VT, then H} j(M, N) = H], J (M, N) for all i. In 
particular, H}j(M, N) = (M,iV) for alii. 

(viii) If VJ = V7, then Hj AM, N) = H\ JM, N) for all i. 

Proof. We only prove (i), the others are similar. 
Combining [TUl 1.4] and 12.21 we have 

r ItJ (r ft y{M,N)) = r I ,j(Kom R (M,r I ,. J ,(N))) 

= Hom fl (Af,r Jl j(r J , ) j/(JV))) 
= Hom B (M,r I , )J /(r JiJ (JV))) 
= T fif (T ItJ (M,N)) 

as required. □ 

Lemma 2.5. If E is an injective R-module, then Ti t j(E) is also in- 
fective. 

Proof. From [TUJ, 3.2] we have 

Tjj(E)= lim T a (E), 

aeW(I,J) 

where W(I, J) is the set of ideals a of R such that I n C a+ J for some 
integer n. 

Since E is an injective -R-module, T a (E) is also injective. Moreover, 
R is a Noetherian ring, then the direct limit of injective modules is 
injective. Therefore we have the conclusion. □ 

It is well-known that Hj(M,N) = Ext R {M,N), where N is an I- 
torsion i?-module. The following proposition gives a similar result when 
N is (I, J)-torsion. 

Proposition 2.6. Let N be an (J, J)-torsion R-module. Then 

Hlj(M,N)=Ext R (M,N) 

for all i > 0. 
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Proof. From [10, 1.12] there exists an injective resolution E* of N such 
that each term is an (/, J)-torsion .R-module. Then we have by 12.21 

H} fJ (M,N) = H l (Rom R (M,T u (E'))) 

= F i (Hom i? (M, E')) 

= Ext^(M, N) 

for all % > 0. □ 
When N is a J-torsion i?-module, we have the following proposition. 
Proposition 2.7. If N is a J-torsion R-module, then 

H} j(M, N) ^ Hj(M,N) 

for all i > 0. 

Proof. It is obvious that Tj(N) C Tj t j(N). Let x G T ItJ (N), there exist 
integers n, k such that I n x C Jx and J k x = 0. Hence I nk x = and 
then x e Ti(N). Thus IV(iV) = Fi(N). 

It remains to prove that T ItJ (M, N) = r 7 (M, AT). From Owe have 

r 7iJ (M,iV)=Hom R (M,r /iJ (iV)) 
= Hom i? (M,r / (iV)) 
^ r/(M, AT). 

By the property of derived functors, we obtain H\ j(M, N) = H}(M, N) 
for alH > 0. □ 

Let J be an ideal of R. For an element o6i? the set 

S a ,j = {a n +j\neN,j eJ} 

is a multiplicatively closed subset of R ( [T0~1 2.1]). Let M be a finitely 
generated i?-module. Denote by M aj j the module of fractions of the 
R— module M with respect to S a> j. The complex C* aJ was given by 

= -> i2 -)• R a ,j -> 0. 

For a sequence a = {ai, a 2 , . . . , a r } of elements of i?, the Cech com- 
plex C* j was defined as 



i=l 

(u > « > 1 1 />'.• / ->■ n -> — ► (• •• gr-i.j) • ■ • °)- 
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In pUl 2.4], there is a natural isomorphism H} j(M) = H l (C* j <& R 
M), where a = {a±, 0,2, ■ ■ ■ , a r } is a sequence of elements of R that 
generates /. 

Let 

F. : y F 2 — yF x — y F — y M — y 

be a free resolution of M with the finitely generated free modules. 

Apply the functor Hom«(— , N) to above resolution, we have a com- 
plex 

Hom jR (F., N) : -> Rom R (M,N) -> Hom jR (F , N) ->■ Hom^Fi, JV) ->■ .... 

Then there is a bicomplex C* J ® /? Hom i? (F., AT) = {C^ J ® jR Hom i? (Fg, AT)}, 
where C v a j is the p-th position in the Cech complex C* j. Thus we get 
a total complex Tot(M, N) of bicomplex C* j <S> R Hohir(F., N) where 

Tot(M,N) n = C p aJ ® R Eom R (F q ,N). 

p+q=n 

Theorem 2.8. Let M be a finitely generated R-module. Then for all 
R-modules N and n > 0, 

Hjj(M, N) H n (Tot (M, A/")). 

Proo/. It is clear that {H n (Tot(M, -))}„ and {i?j j(M, -)} n are exact 
connected right sequences of functors. 

We next prove that H°(Tot(M,N)) = H$ tJ (M,N). Consider the 
homomorphism d° : Tot(M, N)° -» Tot(M, N)\ As C° a J = R, we get 

ff°(Tbt(M, N)) Ker(Hom fl (F , JV) 4 Hom H (Fi, JV) © (C^ ® fl Hom fl (F , JV))). 
Thus 

tf°(Tot(M, N)) = Rom R (M, N) f| r /iJ (Hom R (F , AT)) 
= r,, J (Hom i? (M, AT)) = i/£ j(M, N) 

by HDl 2-3(5)]. 

The proof is completed by showing that H n (Tot(M, E)) = for all 
n > and for any injective -R-module E. It follows from [8, 10.18] a 
spectral sequence 

EP, 9 = H"PH'«(C' a j ® R Hom R (F„ E)) H n {Tot(M, E)). 

p 

Note that 

E%* = H*(Clj<8>Kam R (F p ,E)). 
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From the proof of pU 2.4], H\C' a j ® R E) = for allz > and for 
any injective R— module E. Note that Hom R (F q , E) is also an injective 
R- module for all q > 0. Hence 



E{ 



,p,q 



,q > 

Ker(Ho miJ (F p , £) ->• flRom R (F p , E) aii j) ,q = 0. 



i=l 

Combining 10. 2.3(5)] with O yields 



Ker(Hom R (F p , E) -> []Hom i? (F p , £) aiiJ ) = r^Hom^, E)) 



= Hom R (F p ,T It j(E)). 

It follows 



E™ 



,g > 

^(Hom^F.,^^))) ,g = 0. 



As Tj j(E) is an injective R— module, the following sequence is exact 
Eom R (F.,V ItJ (E)) : -> Hom il (M,r / , J (S)) ->• Hohir(F , Tjj(E)) -> 

-^Hom^F^y^)) -> .... 
Thus £f'° = for all p > 0. From 10.21 (ii)] we get 

iJ n (Tot(M, E)) ^ = 
for all n > 0. The proof is complete. □ 



3. On artinianness of generalized local cohomology 
modules with respect to a pair of ideals 



We have the following theorem. 

Theorem 3.1. Assume that (R, m) is a local ring. Let M,N be two 

finitely generated R-modules with r = pd(M) and d = dim(iV). Then 

H^/(M,N) = Ext R (M,Hlj(N)). 
Moreover H r j + j d {M, N) is an artinian R— module. 
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Proof. Let G(—) = Tj^j(-) and F(-) = Hohir(M, — ) be functors from 
category of -R-modules to itself. Then FG = T It j(M, — ) and F is left 
exact. For any injective module E 

R i F{G(E)) = RUom R {M,T Iy] {E)) = 

for all i > 0, as Tj t j(E) is an injective R— module. By [HI 10.47] there 
is a Grothendieck spectral sequence 

= Ext p R (M,Hlj(N)) =► Hfy(M,N). 

v 

We now consider the homomorphisms of the spectral 

j-ir— k,d+k— 1 , 7-ir,d , rpr+k,d+l— k 
L k -> L k -> % 

We have Hf j(N) = for all g > d by PU 4.7]. Then £f = for all 
p>rovq>d. Thus = = for all jfe > 2, so 

&2 = E 3 = ... = . 

It remains to prove that E^f = H^ d (M,N). Indeed, there is a filtra- 
tion $ of H r+d = H r j+ d (M, N) such that 

= §r+d+l H r+d g- ^r+d^r+d C . . . C ^fT^ C $° H r+d = E\ + f(M, N) 

and 

= &H''+ d /&+ 1 H r+d , 0<i<r + d. 

From the above proof we have £j r+d_i = Ext^(M, H^f-^N)) = for 
all i r. Hence 

(jyr+l^-r+ci _ jjr+d _ _ ^r+d+l jjr+d _ g 

and 

$r H r+d = §r-l H r+d = _ = fcO^r+d = H r +j d (M } N) . 

This gives 

Qrjjr+d/Qr+ljjr+d ^ H r +/(M, N). 

Thus Ext^(M,^ >J (iV)) = #;+ d (M,iV). It follows from [2, 2.1] that 
Hf j(N) is an artinian i?— module. Therefore Hj~^ d (M, N) is also an 
artinian i?— module. □ 

Next theorem, we show the connection between the artinianness of 
H\j{N) and H\ j(M,N). 

Theorem 3.2. Let M be a finitely generated R-modules and N an 
R— module. Let t be a positive integer. If H\ j(N) is artinian for all 

1 < t, then 
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(i) H\ j(M, N) is artinian for all i < t. 

(ii) Ext l R (R/a, N) is artinian for all i < t and for all a £ W(I, J). 
Proof, (i) We use induction on t. When t — 1, by 12.21 we have 

r JtJ (M,N) = Eom R (M,T It j(N)). 

Since Fj t j(N) is artinian, the statement is true in this case. 

Let t > 1 and we assume that the statement is true for t — 1 and 
for any -R-module N. Denote by E(N) the injective hull of N. Apply- 
ing the functors Fj s j(—) and Fj t j(M, — ) to the following short exact 
sequence 

-»■ N E(N) E(N)/N 
we get isomorphisms 

HIj(E(N)/N) = H}+\N) 

and 

Hj j(M, E(N) /N) = H$(M, N) 

for all i > 0. From the hypothesis, if) is artinian for all i < t. It 
follows that H} j(E(N)/N) is also artinian for all z < t — 1. By the 
inductive hypothesis on E(N)/N, H\ j(M, E(N)/N) is artinian for all 
i < t — 1. We conclude from the second isomorphism that if) -^0 
is artinian for alH < t. 

(ii) The proof is by induction on t. When t = 1, the short exact 
sequence 

o -»■ r n (iv) — >• iv — >■ iv/r a (A^) -»■ o. 

deduces an exact sequence 

-> Rom R (R/a, T a (N)) -> Homfl^/o, JV) -)■ Hom fi (i?/a, N/F a (N)) -> ■ ■ ■ 

As A^/r a (A^) is a-torsion-free, we have Rom R (R/a, N/F a (N)) = 
and then Rom R {R/a,N) = Rom R (R/a,F a {N)). Note that r a (iV) C 
Fj j(N). By the hypothesis, F a (N) is an artinian i?-module and then 
Hom R (R/a,F a (N)) is also an artinian i?-module. 

The proof for t > 1 is similar to (i). □ 

In [21 2.4], when (R,m) is a local ring and iV is a finitely generated 
-R-module, there is an equality 

inf{z | H\ j(N) is not artinian} = inf{depthiVp | p £ W(I, J) \ {m}}. 
We have the following consequence. 
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Corollary 3.3. Let (R, m) be a local ring. If M and N are two finitely 
generated R-modules, then 

inf{depthiVp | p e W(I, J)\{m}} < inf{i | Hj j(M,N) is not artiman}. 

Proof. From |321 We have the following inequality 

inf{i | Hj j(N) is not artinian} < inf{i | H\ j(M, N) is not artinian}. 

Thus the conclusion follows from [2J 2.4]. □ 

Theorem 3.4. Let I, J be two ideals of the local ring (R, m) such that 
\JI + J = m. Assume that M, N are two finitely generated R-modules 
with dim(iV) < oo and t is an non-negative integer. If H\ j(M, N) is 
an artinian R-module for all i > t, then Hj J (M,N)/JH t I j(M,N) is 
also an artinian R-module. 

Proof. Combining 12. 4( vi) with l2.4f vii) we conclude that H] j(M,N) = 

H l mJ (M, N) for all i > 0, as y/l + J = m. Thus, without loss of gener- 
ality we can assume that I = m. 

We now use induction on dim(iV) = d. When d = 0, N is m- 
torsion and then N is (m, J)-torsion. From [2~!6| there is an isomorphism 
H^j(M, N) = Ext J H (M, N) for all i > 0. Since N is artinian, it follows 
that H l m j(M, N) is an artinian i?-module for all i > 0. Therefore the 
statement is true in this case. 

Let d > 0. The short exact sequence 

o -»■ Tj(n) n ->■ n/Tj(n) -»■ o. 

induces a long exact sequence 

< 7 (M, Tj(N)) A H^iM, N) A H^ j(M, N/Vj(N)) 4 • • • 
Since Tj(N) is a J-torsion R- module, there is an isomorphism 
Hl^VjiN^^H^VjiN)) 

byO From [1 2.2] H^ j(M, Tj(N)) is artinian for all i. 

From the long exact sequence, we get two short exact sequences 

and 

-»■ Im/3 H^ j(M, N/T j(N)) -»■ Im 7 0. 
Two above exact sequences deduce long exact sequences 

■■■lma/Jlma ^ H^j(M,N)/JH^j(M,N) -> Im/3/JIm/3 ->■ 
and 

> Torf(i2/J,Im7) ->■ Im/3/JIm/3 ->■ 
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//4 )J (M,7V/r J (7V))/J//4 J (M,7V/r J (7V)) Im 7 /JIm 7 0. 

Note that Ima and I1117 are artinian R- modules. The proof is com- 
pleted by showing that H^ j(M, N/Tj(N))/JH^j(M, N/Tj(N)) is an 
artinian R— module. 

Let N = N/Tj(N), then N is J-torsion-free. Thus there exists an 
element x G J that is a non-zerodivisor on N. 

The short exact sequence 

->■ TV 4 N ->■ iV/xiV ->■ 
implies the following long exact sequence 

...-». <j(M, iV) 4 HIj{M,N/xN) 4 H^}(M,N) -» • • • 

From the hypothesis, we get that j(M, N /xN) is artinian for all 

i > t. As dim(iV/xiV) < d- 1, Hl jiM^N/x^/JHl^M^N/xN) is 
artinian by the inductive hypothesis. 
We now consider two exact sequences 

->■ Im / ->• Hl j(M, N/xN) ^Img^O 

and 

KJM,N) 4 HIj(M,N) Im / 0. 
They gives two long exact sequences 

Torf^/JJm^) ->lmf/JImf -> 

->■ H^jiM^N/x^/JH^jiM^N/xN) ->■ Im^/JIm^ -> 

and 

^m, j (M,~N)/ JH* m J ( M, TV) 4 H^j(M, ~N)/JH!^j{M, N) 

->■ Imf/Jlmf -> 0. 
Since a; 6 J, we obtain from the exact sequence that 

HIj{M,N)/JHIj{M,N) * Imf/Jlmf. 

On other hand, Torf (i?/ J, Img) is artinian, as Img C H^j(M, N) 
an artinian i?— module. Hence Imf/Jlmf is an artinian i?— module 
and the proof is complete. □ 

Theorem 3.5. Let M,N be two finitely generated R-modules and t a 
positive integer such that Hj j(M, R/p) is artinian for all p G Supp(A ? "). 
Then H\ j(M, N) is also artinian. 
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Proof. As iV is finitely generated, there is a chain of submodules of N 

= N C iVi C N 2 C . . . C N k = N 

such that Ni/Ni-i = R/pi for some pi 6 Supp(iV). 
For each 1 < % < k, the short exact sequence 

->■ Ni-! ->■ R/pi -> 

deduces a long exact sequence 

• • • -> Hj j(M, Ni. x ) -> HIj(M, Nt) -> Hj j(M, R/ Pi ) -+ ■ ■ ■ 

In particular, Hj j(M, Ni) = Hj j(M, R/pi). From the exact sequence, 
it follows that Hj j(M, iVj) is artinian for all 1 < i < k. This finishes 
the proof. □ 

From Theorem 13.51 we have the following immediate consequence. 

Corollary 3.6. Let M, N be finitely generated R-modules and t a 
positive integer. Assume that Hj j(M, R/p) is artinian for all p G 
Supp(iV). 

(i) If L is a finitely generated R-module such thatSupp(L) C Supp(iV), 
then Hj j(M, L) is artinian. 

(ii) If a is an ideal of R such that V(a) C Supp(iV), then Hj j(M, R/a) 
is artinian. 

In the following theorem, we study the artinianness of Hj j(M, N) 
when iV is artinian. 

Theorem 3.7. Let M be a finitely generated R-module and N an ar- 
tinian R-module. Then Hj j(M, N) is artinian for all % > 0. 

Proof. We use induction on i. When % = 0, we have Tj t j(M, N) = 
Hom i? (M,r /) j(A^)) is artinian, as T ItJ (N) C N. 

Let % > 0, denote by E(N) the injective hull of N. Note that, if 
N C K is an essential submodule, then iV is artinian if and only if K 
is artinian. Hence E(N) is also artinian. 

Now the short exact sequence 

->■ N ->■ E(N) -> E(N) /N -> 
deduces a long exact sequence 

► HjJ(M, E(N)/N) H\ j{M, N) Hj j(M, E(N)) -»■ - • ■ 

Since if) E(N)) = for all z > 0, there are isomorphims 

H\~j{M ) E(N)/N) = Hjj(M,N) 



Some properties of generalized local cohomology modules... 13 

for alH > 1. 

H l j~j(M,E(N)/N) is artinian by inductive hypothesis. Therefore 
H} j(M, N) is also artinian. □ 
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